An approximate circuit model is proposed for mode extraction in two-dimensional photonic crystal waveguides. The dispersion equation governing the complex propagation constant of the photonic crystal waveguide is then related to the resonance condition in the proposed circuit model. In this fashion, a scalar complex transcendental equation is given for mode extraction. To avoid searching for the complex roots of the derived scalar dispersion equation, however, the real and imaginary parts of the sought-after propagation constant are extracted by using the physical resonance condition and its corresponding quality factor in the here-proposed circuit model, respectively. All the necessary conditions for the accuracy of the proposed circuit model are discussed, and some numerical examples are given. It is fortunate that the proposed model can be applied for accurate mode extraction in most of the applications. Both major polarizations are considered.
INTRODUCTION
On account of photonic crystal capability in prohibiting wave propagation within a specific band of frequencies, waveguides made of defects that are carved in photonic crystals have been the subject of intense research [1] [2] [3] [4] . These photonic crystal waveguides can be rigorously analyzed by a variety of methods: either fully numerical, e.g., the finite-difference time domain (FDTD) [5] and the finite-element method [6] , or semianalytical, e.g., the plane-wave expansion [7] and localized function expansion [8] . Since the implementation of these methods is by and large cumbersome, simple, and approximate, yet accurate enough methods, e.g., mode extraction by using geometrical optics [9] , are quite welcome.
Here we present an approximate circuit model to extract waveguide modes in a two-dimensional photonic crystal waveguide. The proposed method is based on the transverse resonance technique [10, 11] and models the defect region by a transmission line being terminated at its ends by scalar impedances. These impedances are appropriately attributed to the cladding region. The model is fortunately not limited to a specific type of line-defect photonic crystal waveguide and is also capable of calculating the in-plane loss, which can come either from the terminated periodicity of the structure or form the material loss [12] . It therefore yields the complex propagation constant of the photonic crystal waveguide. Its real and imaginary parts will be extracted by applying the resonance condition in the proposed circuit model [13] and by finding the bandwidth of the resonance, respectively. It is worth noticing that the proposed method does not require a thorough search for complex roots of a transcendental dispersion equation and gives the sought-after propagation constant directly.
This article is structured as follows. In Section 2, the proposed transmission line and its constituents are introduced. In Section 3, mode extraction by using the proposed model is described. In Section 4, two special but important cases of waveguides with a homogenous defect region and lossless waveguides are studied. In Section 5, some numerical examples are given. Finally, the conclusions are made in Section 6.
TRANSMISSION LINE MODELING OF PHOTONIC CRYSTAL WAVEGUIDES
Consider a two-dimensional photonic crystal, which is uniform along the y axis and lies in the x-z plane. The periodicity of the structure along the x direction has been broken by introducing a row of defects to form a photonic crystal waveguide [see Fig. 1(a) ]. The thus formed photonic crystal waveguide supports guided modes whose propagation constant and angular frequency are throughout this paper denoted by β and ω, respectively. Since in reality the defect region cannot be surrounded by an infinitely periodic photonic crystal, there is always an in-plane loss making β a complex number. Here it is assumed that the defect region is sandwiched by N rows of photonic crystals. A typical linedefect photonic crystal waveguide formed in a square lattice photonic crystal is shown in Fig. 1(a) . The proposed transmission line model for mode extraction; on the other hand, is schematically shown in Fig. 1(b) . It is a transmission line of length l, which at its two ends is terminated by the neighboring photonic crystal impedance Z PC . The length of the transmission line, l, its characteristic impedance, Z 0 , its propagation constant, κ x , and the photonic crystal impedance, Z PC , are left to be determined.
A. Transmission Line Parameters
The transmission line in the proposed model is supposed to take the place of the defect region. It is thus no surprise that its length is equal to the width of the defect region. The length of the transmission line, l, is therefore immediately determined once the geometry of the structure is specified. To obtain the propagation constant and the characteristic impedance of the line, however, a more subtle approach is to be called upon. First, a new two-dimensional photonic crystal is formed by periodically repeating the defect region along the x direction, and then the appropriate transmission line is attributed to the thus formed photonic crystal, hereafter referred to as the defect photonic crystal. For the typical photonic crystal waveguide of Fig. 1(a) , the defect photonic crystal is depicted in Fig. 1(c) . Now, by pursuing the proposed method presented in [14] , the sought-after transmission line propagation constant, κ x , and its characteristic impedance, Z 0 , can both be straightforwardly extracted. The former is equal to the x component of the Bloch wavenumber supported by the defect photonic crystal, and the latter is obtained by using the reflection coefficient of the zeroth-order diffracted wave when a uniform plane wave, whose angular frequency and the z component of the wave vector are ω and β, respectively, is incident upon the defect photonic crystal. It is worth noticing that κ x and Z 0 are both functions of ω and β. The proposed model, however, is accurate when the normalized frequency is low enough to ensure that the zeroth-order diffracted plane wave plays the most vital role. This is fortunately the usual case in most of the photonic crystal waveguides.
As an important special case, we should consider a linedefect photonic crystal waveguide when one or more rows are removed from the lattice and a homogeneous defect region is created. A typical example of such a structure is schematically shown in Fig. 2 , where a line defect is created by removing a row of dielectric rods in the typical square lattice photonic crystal shown in Fig. 1(a) . The propagation constant; κ x , and the characteristic impedance; Z 0 , in such special cases are equal to the x component of the wavenumber and the wave impedance in the homogeneous defect region, respectively. Remarkably, applying the proposed model by using the above-mentioned transmission line parameters on photonic crystal waveguides having homogeneous defect regions becomes equivalent to applying the already reported approach of making the total round-trip phase of optical rays equal to an integer multiple of 2π [9] . This point is further discussed in Section 4.
B. Photonic Crystal Impedance
Once again, the reflection coefficient of the zeroth-order diffracted wave is used to obtain the appropriate scalar impedance for the photonic crystal surrounding the defect region. Invoking the well-known reflection coefficient formula [15] , the following scalar impedance, Z PC , is attributed to the photonic crystal:
Here R PC ω; β is the reflection coefficient of the zerothorder diffracted wave, when the incident media is free space and the incident wave is a uniform plane wave whose angular frequency and the z component of the wave vector are ω and β, respectively. Given that β is nonzero, the incident angle is tilted by θ PC sin −1 β∕k 0 from the normal incidence condition. This is shown in Fig. 1(d) for the typical photonic crystal waveguide of Fig. 1(a) . Finding R PC ω; β is a straightforward task and can be accomplished by applying the standard grating theory [16] . In this work, the Legendre polynomial expansion method is employed to extract the reflection coefficient, R PC ω; β [17] . The first-order coupled Maxwell's equations are solved by expanding the pseudoperiodic transverse electromagnetic fields in terms of Legendre polynomials, and thus well-behaved algebraic equations are obtained to extract the reflection coefficient of the mth order. Since the zeroth-order reflection coefficient is needed and since the normalized frequency is low enough to ensure that all higher reflection orders are evanescent, the Fourier series of the permittivity profile used for obtaining the set of coupled wave equations are truncated by retaining only the first Fourier harmonics, and R PC ω; β is extracted without a considerable numerical burden. The MATLAB code for obtaining the reflection coefficient is available at http://ee.sharif.edu/~khavasi/index_files/ LPEM.zip. In Eq. (1), η can be written in terms of the intrinsic wave impedance at free space, η 0 , and the angle of incidence θ PC . It is either η 0 sec θ PC for the perpendicular or η 0 cos θ PC for the parallel polarizations.
It is worth noting that, whenever the photonic crystal regions are semi-infinite and lossless, the incident wave is totally reflected because the working frequency of the waveguide is either within the forbidden gap of the photonic crystal or is blocked by refractive index contrast. The magnitude of the reflection coefficient is then jRω; βj 1, and the corresponding impedance Z PC becomes pure imaginary and is thus either capacitive or inductive.
MODE EXTRACTION BY USING THE TRANSMISSION LINE MODEL
The key to mode extraction by using the proposed model is to calculate the resonance condition in the distributed circuit shown in Fig. 1(b) . By using the standard transmission line theory [15] , the impedance seen at the left end of the line, Z in , can be very easily found in terms of the transmission line parameters and the photonic crystal impedance Z PC :
It is a function of both ω and β and is purely imaginary (reactive) when an infinite number of photonic crystal layers surround the defect region in a lossless structure, i.e., when Z PC is purely imaginary (reactive). In the most general case, however, e.g., when there is only a finite number of photonic crystals neighboring the defect region or when the structure is lossy, the absolute value of the reflection coefficient jRω; βj is less than one and thus Z PC r PC ω; β jx PC ω; β and Z in r in ω; β jx in ω; β both become complex. The resonance condition then reads as
It is worth noting that, for time-harmonic electromagnetic fields having real angular frequency ω 0 , the above-mentioned resonance condition is satisfied with complex propagation constant, β 0 β r0 jβ i0 , whose imaginary part, β i0 , accounts for the leakage of power caused by the finiteness of the number of photonic crystal layers adjacent to the defect region and/or intrinsic loss of materials. The proposed Eq. (3) is in fact an approximation of the dispersion equation whose complex roots are desired. Although it is possible to employ numerical methods to solve Eq. (3) and find the sought-after complex propagation constant, a much simpler approach is most welcome. It is thus fortunate that mode extraction is possible by finding the physical resonance condition and the bandwidth of a circuit whose impedance is Z in Z PC . The former yields the real part of the propagation constant, and the latter determines the imaginary part of the propagation constant. This is further explained in the following subsections.
Before moving further on to the next subsections, however, it should be noticed that Z in can be directly computed by using the reflection coefficient of the zeroth-order diffracted wave [15] :
In accordance with Fig. 3(a) , R in ω; β is in this expression the reflection coefficient of the zeroth-order diffracted wave Fig. 2 . Ray path followed by a guided mode in the homogeneous defect region of a photonic crystal waveguide made by removing a row of rods in the same square lattice photonic crystal shown in Fig. 1(a) .
when a uniform plane wave with the angular frequency ω and the z component of wave vector β is incident upon the defect region atop the photonic crystal region. The impedance seen at the left end of the line, Z in , is in this fashion directly calculated, and, as is shown in the schematic circuit diagram depicted in Fig. 3(b) , the extraction of the transmission line parameters is rendered unnecessary. This is certainly an advantage but incurs a limitation. The defect region should now share the periodicity of the original two-dimensional photonic crystal wherein the defect has been carved. Otherwise, the structure is not periodic, and use of the Floquet theory in calculation of the reflection coefficient of the zeroth-order diffracted wave becomes unjustified.
Interestingly, however, substituting the input impedance in terms of the reflection coefficient R in ω; β and the photonic crystal impedance Z PC in terms of the R PC ω; β in the proposed resonance condition Eq. (3) yields the intuitively appealing condition of constructive interference in a round-trip [18] :
A. Physical Resonance and the Real Part of the Propagation Constant Using a lumped circuit element with impedance Z in Z PC instead of the proposed transmission line model, viz. the photonic crystal waveguide, the physical resonance condition is met whenever the reactive part of the impedance, i.e., ImZ in Z PC , is null. For time-harmonic electromagnetic fields at a given real angular frequency ω 0 , therefore, the physical resonance condition yields the following equation:
In contrast to the resonance condition given in Eq. (3), the above-mentioned equation, being hereafter referred to as the physical resonance condition, has real roots and is much easier to be solved. By solving the above-mentioned equation at the specified angular frequency ω 0 , we obtain a real value for β, which happens to be a very good approximation of the real part of the propagation constant β r0 .
In case there are an infinite number of lossless photonic crystal layers surrounding a lossless defect region, the overall impedance Z in Z PC is pure imaginary and the physical resonance condition given in Eq. (6) becomes equivalent to the approximate dispersion equation given in Eq. (3). As already mentioned, the propagation constant is real in this case, i.e., β i0 0, and β r0 obtained by using the physical resonance condition Eq. (6) becomes the overall propagation constant of the time-harmonic electromagnetic fields at the angular frequency ω 0 to be obtained by using the resonance condition Eq. (3). When there is only a finite number of photonic crystal layers and/or intrinsic loss, on the other hand, the imaginary part of the propagation constant, β i0 , is nonzero and thus remains to be determined.
B. Resonance Bandwidth and the Imaginary Part of the Propagation Constant
Since the damping ratio of a resonator with complex angular frequency ω, i.e., ζ Imω∕Reω, can be written in terms of its quality factor or equivalently the 3 dB bandwidth of the resonator [19] , it is possible to write down the damping ratio of electromagnetic fields having a real longitudinal propagation constant of β r0 in terms of the 3 dB bandwidth, Δω 3 dB , of the following transfer function (the overall admittance of the proposed model):
Y jω 1 r in ω; β r0 r PC ω; β r0 jx in ω; β r0 x PC ω; β r0 ;
which reaches its maximum at ω 0 . The temporal damping of time-harmonic electromagnetic fields having complex angular frequency and real propagation constant, on the other hand, can be related to the spatial damping of time-harmonic electromagnetic fields having real angular frequency and complex propagation constant by using the group velocity concept. Under the assumption of large quality factor, therefore, the sought-after imaginary part of the propagation constant β i0 can be written down as
where v g is the group velocity of the mode and can be obtained by calculating the derivative of the real part of angular velocity with respect to the real part of propagation constant calculated at ω 0 and β r0 . The aforementioned equation remains accurate whenever the quality factor of the equivalent circuit used for modeling the photonic crystal waveguide is large enough to relate the 3 dB bandwidth to the loss. This is fortunately the case in most of the waveguide applications. Nevertheless, the accuracy of Eq. (8) is also liable to the numerical error unavoidably incurred in calculation of the group velocity. This formulation is for this reason unsuitable whenever the propagating wave is slow, i.e., the group velocity is small and prone to numerical error.
To get rid of the dependence on the group velocity, it would be better to employ the spatial damping ratio, i.e., Fig. 3. (a) Reflection coefficient of the zeroth-order diffracted wave used for finding the scalar impedance of the defect region and the photonic crystal region in the same typical photonic crystal waveguide shown in Fig. 1(a) . (b) Equivalent circuit model when the corresponding impedance of the defect region and the photonic crystal behind it is directly calculated.
ζ Imβ∕Reβ, and thus the 3 dB spatial bandwidth, Δβ 3 dB , of the following transfer function:
which reaches its maximum at β r0 . The imaginary part of the propagation constant β i0 can then be written down as
It is worth noting that the complex propagation constant of the structure can in this fashion be obtained by using the spatial transfer function Y jβ given in Eq. (9). On one hand, the real part of the propagation constant, β r0 , can be extracted by finding the maximum of Y jβ in Eq. (9), and thus solving the physical resonance condition in Eq. (6) becomes unnecessary. The imaginary part of the propagation constant, on the other hand, can be extracted by using the 3 dB spatial bandwidth, Δβ 3 dB , of the same transfer function.
FURTHER DISCUSSION AND SPECIAL CASES
Two special cases are further discussed in this section. First, photonic crystal waveguides with homogeneous defect regions are considered. Such waveguides can be easily made by removing row/rows of holes/rods of the original photonic crystal. Second, the ideal case of lossless photonic crystal waveguides is further studied, and the proposed resonance condition is simplified and interpreted by using physical optics concepts.
A. Homogeneous Defect Region
If the defect region is homogenous, the ray-optic approach can also be employed to extract a reasonably accurate approximation to β. In accordance with the schematic diagram in Fig. 2 and since the accumulated phase after each round-trip must be an integer multiple of 2π [17] , we have
where k 0 stands for the wavenumber at free space, n represents the refractive index of the homogenous defect region, R 1 and R 2 denote the reflection coefficients at the upper and lower interface between the photonic crystal layers and the homogenous defect region, and v is an arbitrary integer number. As already mentioned, it can be shown that the abovementioned equation is equivalent to the physical resonance condition as given in Eq. (6) . Extraction of the imaginary part of the propagation constant for this special case is also straightforward. In view of the fact that the loss is incurred due to the nontotal reflection at the upper and lower interfaces between the photonic crystal layers and the defect region, we can write
where L 2l tanθ is the length of the longitudinal path traversed by the ray in a round-trip and tanθ
It is worth noting that the aforementioned formula can be generalized to be used for inhomogeneous defect regions. The length of the longitudinal path traversed by the ray in a roundtrip should be modified by using tanθ Reκ x ∕β r0 in L 2l tanθ, and the resultant β i0 then reads as
This expression is however not as accurate as Eq. (10).
B. Lossless Photonic Crystal Waveguide
It was already mentioned that the overall impedance Z in Z PC is pure imaginary whenever an infinite number of lossless photonic crystal layers surrounds a lossless defect region. It is easy to show that the simplified physical resonance condition for such cases, i.e., Eq. (6), can be written down as follows:
An equivalent phase factor; ϕ, can now be defined to further simplify the dispersion equation:
The dispersion equation for lossless photonic crystal waveguides can then be reformulated in terms of the x component of the Bloch wavenumber in the defect region, κ x , and the equivalent phase factor, ϕ, in Eq. (15):
The reformulated dispersion equation obtained in this fashion equals that of a dielectric slab waveguide [18] whose film has the effective refractive index of κ 2 x − β 2 p ∕k 0 and whose cover imposes the reflection phase of ϕ. This is no surprise since the proposed distributed circuit model shown in Fig. 1(b) is also equivalent to a slab waveguide.
NUMERICAL RESULTS
As the first numerical example, consider a square lattice photonic crystal, similar to the typical one schematically depicted in Fig. 1 , which is made of 38% porous silicon rods in air. The permittivity of the porous silicon rods is modeled by a linear combination of Lorentz poles:
It is already shown that retaining seven Lorentz poles (N p 7) with the appropriate parameters ε ∞ , a k , δ k , and ω 0k provides a very good approximation for the dispersive behavior of 38% porous silicon [20] . The same parameters are here chosen to model the dielectric permittivity of rods. In accordance with Fig. 1 , the rod's radius is r 125 nm and the lattice constant is a 500 nm. There are N 3 photonic crystal layers surrounding the defect region made by replacing a row of the original rods with new ones having the radius of r 1 50 nm. The real and imaginary parts of the complex propagation constant of E-polarized guided modes supported by this photonic crystal waveguide are then shown in Fig. 4 . The real part of the propagation constant shown in Fig. 4(a) is extracted for different normalized frequencies by using three different methods. The results obtained by following a rigorous approach [21] based on the reflection pole method [22] and the FDTD technique are shown by the solid line and black dots, respectively. The approximate results extracted by using the here-proposed physical resonance condition are then depicted by the dashed line. A very good agreement is observed between the three different methods. The imaginary part of the propagation constant is also shown in Fig. 4(b) . Once again, the exact value obtained by following the rigorous approach and the FDTD technique are depicted by the solid line and black dots, respectively. The approximate ones obtained by using Eqs. (13), (8), and (10) are, on the other hand, shown by the dashed, dotted, and dotted-dashed lines, respectively. As expected, the one obtained by using Eq. 10, based on the spatial frequency transfer function, Y jβ, yields the most accurate results, while the one using the loss factor for homogeneous defects given in Eq. (13) yields the worst.
Similarly, the complex propagation constant of a photonic crystal waveguide made by removing a row of rods in the same photonic crystal is shown in Fig. 5 . To demonstrate the resonant nature of the proposed circuit, temporal and spatial transfer functions Y jω and Y jβ are in this latter case plotted in Figs. 6(a) and 6(b), respectively. In Fig. 6(a) , the physical resonance condition is first applied to extract the real part of the propagation constant at the normalized frequency of ω 0 0.3203. It is found to be β r0 0.7. The temporal transfer function, Y jω, is then plotted versus angular frequency ω. As expected, the temporal transfer function is maximum at the normalized frequency of ω 0 0.3203. In Fig. 6(b) , the spatial transfer function, Y jβ, is plotted versus the real part of the propagation constant, β r . This time the spatial transfer function is maximum at β r0 0.7.
Finally, a plasmonic waveguide is formed by making a row of silver rods placed at free space (see inset of Fig. 7 ). The permittivity of silver rods is modeled by using the Drude theory:
where the plasma and collision frequencies are ω p 9.39 × 10 15 rad∕s and γ 3.14 × 10 13 Hz, respectively. The distance between two adjacent rods is a 75 nm, and the rods' radius is r a∕3. This particular waveguide has been already studied by using the FDTD in [23] . The proposed model can still be applied to solve this type of waveguide. The plasmonic nanorods form the defect region and therefore should be periodically repeated along the x axis to form the defect photonic crystal region [see Fig. 1(c)] . The nanorods can then be modeled by a transmission line whose parameters are obtained by following the procedure of Subsection 2.A. There are however no phonic crystal regions surrounding the plasmonic rods, and the nanorods are placed at the free space. The photonic crystal impedance is therefore equal to the free-space impedance η 0 cosθ PC . Please notice that the R PC ω; β 0 because the photonic crystal region shown in Fig. 1(d) is replaced by the free space. The dispersion diagram of the first and second H-polarized modes supported by this waveguide is plotted in Fig. 7 . The solid line represents the accurate results, while the dashed line shows the approximate results obtained by following the here-proposed technique. Dots represent results obtained by FDTD analysis. It should be noticed that the frequency range for extraction of the second plasmonic mode is high enough to support two Bloch wavenumbers. It is for this reason necessary to directly calculate the equivalent impedance of the transmission line by using R in ω; β. It should be also noticed that the imaginary part of the propagation constant of this waveguide cannot be extracted by using the 3 dB bandwidth of the introduced transfer functions because the overall level of loss is too high to relate the 3 dB bandwidth to the loss.
CONCLUSION
An approximate circuit model is proposed here for mode extraction in photonic crystal waveguides. Appropriate scalar impedances are given to model photonic crystal and defect regions, and thus a scalar dispersion equation is derived by writing the resonance condition in the proposed circuit. It is further simplified to relate the real and imaginary parts of the propagation constant of the photonic crystal waveguides to the physical resonance condition and the quality factor of the proposed circuit, respectively. Both major polarizations are considered, and numerical examples are provided.
The proposed model is accurate whenever the following conditions are held. The first condition is when the working frequency is low enough to ensure that there is only one real Bloch constant supported by the defect region. This is important for accuracy of the characteristic propagation constant of the transmission line model, κ x . It is however fortunately possible to circumvent this problem by direct calculation of the transmission line impedance, Z in . The second condition is when all higher diffracted orders are far from cutoff to ensure that the use of scalar impedance is justifiable. The third condition is when the overall loss is low enough to relate the 3 dB bandwidth and the imaginary part of the propagation constant together. Fortunately, these conditions are usually held in photonic crystal waveguides.
